An approach is discussed on the determination of the leading order hadronic contribution to the muon anomaly, a HAD µ , based entirely on theory. This method makes no use of e + e − annihilation data, a likely source of the current discrepancy between theory and experiment beyond the 3 σ level. What this method requires is essentially knowledge of the first derivative of the vector current correlator at zero-momentum. In the heavy-quark sector this is obtained from the well known heavy quark expansion in perturbative QCD, leading to values of a HAD µ in the charm-and bottom-quark region which were fully confirmed by later lattice QCD (LQCD) results. In the light-quark sector, using recent preliminary LQCD results for the first derivative of the vector current correlator at zeromomentum leads to the value a HAD µ = (729 − 871) × 10 −10 , which is significantly larger than values obtained from using e + e − data. A separate approach based on the operator product expansion (OPE), and designed to quench the contribution of these data, reduces the discrepancy by at least 40%. In addition, it exposes a tension between the OPE and e + e − data, thus suggesting the blame for the discrepancy on the latter.
Introduction
In this talk I first discuss a novel method [1] to determine the leading order hadronic contribution to (g − 2) of the muon, a HAD µ [2] . This allows for a purely theoretical determination based on QCD, thus avoiding the use of e + e − annihilation data, which are affected by many uncertainties. The method consists in replacing the well known integration kernel K(s), entering the expression for the anomaly a HAD µ
, by a fit function having simple poles in the complex square energy s− plane at s = 0. Invoking Cauchy's residue theorem in this plane, a HAD µ is fixed by perturbative QCD (PQCD) and the residues of the poles. In the heavy-quark sector (charm and bottom) the well known PQCD expansion of the vector current correlator around s = 0 fixes these residues. The predictions from this method in the charmand bottom-quark regions were later fully confirmed by Lattice QCD (LQCD) determinations [3] - [5] . Regarding the leading contribution from the light-quark sector, the derivatives of the vector current correlator at s = 0 were estimated in the framework of a Large N c -QCD model of the pion form factor [1] . While the result was fully consistent with the expectation from the Standard Model (SM), it clearly remains a model-dependent result. Current preliminary results from LQCD for the first derivative of the vector current correlator at the origin [6] , which dominates the result by roughly an order of magnitude, lead to a complete theoretical prediction of the anomaly. The result is substantially larger than values obtained using e + e − data. If the LQCD results from [6] were to be confirmed, then it would be possible to understand the muon (g − 2) value within the Standard Model.
Further support for the view that the culprit in the g − 2 saga could be the e + e − data (in the light-quark sector) is provided by a second approach to the determination of the anomaly [7] , also to be discussed here. This consists in using the operator product expansion (OPE) of current correlators at short distances, plus a finite energy QCD sum rule (FESR) designed to quench the role of the e + e − data. A clear tension between the OPE and e + e − data was identified, suggesting a cross-section deficit in these data. While not solving completely the discrepancy between theory and experiment, this approach reduces it by at least 40%. Since QCD FESR and the OPE, which rely on quark-hadron duality, have lately been questioned [8] , a specific model of duality violations requiring six free-parameters [9] was used in [7] in order to check this issue. Our results [7] were fully consistent with no duality violations taking place, at least in this application.
Theoretical Determination of the Leading Order a
HAD µ
: The Method
The standard expression of the (lowest order) muon anomaly is given by
where α EM is the electromagnetic coupling, and the standard R ratio is
where the electromagnetic current is j
, with the sum running over quark flavours, and Q f are the quark charges. The function Π(s) is normalized to 6 π Im Π(s) = 1 + α s /π + · · · . The integration kernel K(s), at leading order, in Eq.(1) is given by [10] 
where m µ is the muon mass. For convenience one splits a 
In order to be able to determine each one of these contributions entirely from theory, i.e. avoiding the use of e + e − data, I first replace the kernel K(s), Eq.(3), by fit functions K i (s), with i = 1, 2, 3 corresponding to the three quark flavour regions (u, d, s), c, and b, respectively. The K i (s) are chosen as meromorphic functions with simple poles at the origin. This allows for the use of Cauchy's theorem in the complex square energy s-plane, relating information on the positive real s-axis to that around a circle of radius s = |s 0 |, large enough for PQCD to be valid. The determination is completed by adding the line integral in the region s ∈ s 0 − ∞, for which the exact integration kernel K(s), Eq. (3), can now be used. Starting with the light-quark sector, the appropriate fit function K 1 (s) in the interval s th ≤ s ≤ s 0 is of the form
with coefficients determined by minimizing the chi-squared. The upper limit s 0 is below the charm threshold. Invoking Cauchy's theorem one obtains s0 s th
where the integral on the right hand side, around the circle of radius s 0 ≃ (1.8 GeV) 2 , is computed using PQCD in the light-quark sector. This is known up to five-loop level [11] . The contour integration can be performed using fixed order perturbation theory (FOPT) or, alternatively, contour improved perturbation theory (CIPT). In this application both give essentially the same answer. The final expression for the anomaly becomes
Res Π uds (s)
where the last integral above involves the exact integration kernel K(s) and PQCD is used for the spectral function. The threshold for PQCD is chosen as s 0 ≃ (1.8 GeV) 2 . This allows for a fair comparison with determinations based entirely on e + e − data, and it is supported by BES data [12] suggesting s 0 ≃ (2.0 GeV) 2 . The contribution from the heavy-quark sector (charm and bottom) is obtained from Eq.(7) after obvious replacements, and substituting the fit kernel K 1 (s) by fit kernels K 2 (s)) and K 3 (s) for the charm-and bottom-quark regions, respectively. The optimal fit function, Eq.5, resulting in the lowest chi-squared was found to be
where s is expressed in GeV 2 , and the numerical coefficients have the appropriate units to render K 1 (s) dimensionless. Figure 1 shows the exact kernel K(s) in Eq.(1) (solid curve) together with the fit K 1 (s) . This functional form for the kernel will require knowledge of the first three derivatives of the vector correlator at the origin. However, as discussed later, the first derivative dominates over the second and the third by one and by two orders of magnitude, respectively. This is due to the relative size of the fit coefficients in Eq. (8) . Proceeding to the heavy-quark sector, the fit to the kernel K(s), Eq.(3), named K 2 (s) in the charm-quark region,
2 , is given by
where a 1 = 0.003712 GeV 2 and a 2 = −0.0005122 GeV 4 . This function provides an excellent fit, as it differs from the exact kernel K(s) by less than 0.02%. The expression for the anomaly is now given by Eq. (7), with the obvious replacements. In the bottom-quark region, the corresponding fit function is now given by
This kernel differs from the exact kernel, K(s) by less than 0.0005 % in the range
2 . An important difference between the light-quark and the heavy-quark sector, is that in the latter the vector correlator and its derivatives at s = 0 can be computed in QCD, to wit. The Taylor series heavy-quark expansion of the correlator around the origin is
where z = s/(4m 
Results
To begin, I concentrate on the two integrals in Eq. (7), and consider each of the three quark-sections separately, i.e. (u, d, s) , c, and b. In the first section s th = m 2 π , the radius of the Cauchy circle is s 0 ≃ (1.8 GeV) 2 , and the lower limit of the line integral is also this radius. In the second section the threshold is s th ≡ s 1 ≃ M 2 J/ψ , and the radius/lower limit of the line integral is s 0 ≡ s 2 ≃ (5.0 GeV) 2 .
For the third section s th ≡ s 3 ≃ M 2 Υ , and s 0 ≡ s 4 ≃ (12.0 GeV) 2 . The PQCD expansion of the vector correlator needed in the contour integral is of the form
where
The complete analytical result in PQCD up to O(α 2 is known up to a constant term [20] . This constant term does not contribute to the contour integral due to the s-dependence of K 2 (s). Finally, at five-loop level the full logarithmic terms in Π (4) 0 and Π (4) 1 are known from [21] and [22] , respectively. With this information, the three contour integrals in FOPT are 1 2πi
for n = 1, 2, 3 and q = (uds), c, b, respectively. For n = 1 the result in CIPT is 135.6(6) × 10 
with j = 0, 2, 4 for q = (uds), c, b, respectively. Finally, the residues in Eq. (7) for the charm-and bottom-quark sector are
where the error in Eq. (16) is due to the uncertainty in α s and to the truncation of PQCD, while the error in the bottom-quark sector is negligible. The individual contributions to the anomaly from the charmand bottom-quark sectors a 
It is very important to mention that these results were later fully confirmed by several LQCD determinations [3] - [4] . In fact, in the charm-quark sector LQCD finds a 
where the light-quark contribution requires, in principle, the first three derivatives of the vector current correlator at the origin. Near the origin, this correlator is essentially dominated by the pion form factor. Various models of the latter indicate that the first three derivatives are roughly of the same order of magnitude. Given the relative size of the fit parameters in Eq. (8), this means that thee first derivative is expected to dominate the residue by one to two-orders of magnitude over the second and third derivative, respectively. A preliminary LQCD result [6] for the first derivative of the vector current correlator at the origin is
This range was found by choosing the minimum and maximum values of the preliminary LQCD results [6] in eleven ensembles for the up-, down-, and strange-quark contribution. The residue of the pole in Eq. (20) computed using Eq. (21) becomes
This result is compatible with that from the Dual-QCD ∞ model [1] . Substituting Eq. (22) into Eq. (20), the contribution to the anomaly from the light-quark sector becomes
which is larger than the LQCD result a 
which is significantly larger than current estimates using e + e − data, which lie in the range a HAD µ ≃ (680 − 700) × 10 −10 [2] . If the preliminary LQCD range [6] , Eq. (21), is confirmed, then the muon (g-2) value could be well understood within the Standard Model.
OPE-FESR analysis in the light-quark sector
The basic idea of this approach in the light-quark region is to use Cauchy's theorem in the complex s-plane for the vector correlator, modulated by an analytic integration kernel designed to suppress the contribution from e + e − data. For convenience I begin by redefining the integration kernel in Eq.(1) so that the anomaly is given by
whereK(s) isK
Invoking Cauchy's theorem in the complex s-plane one finds 
The next step is to choose an appropriate kernel p(s) to suppress the contribution of the e + e − data in the relevant region 1 GeV < √ s < 1.8 GeV, where it is badly known, and has the largest uncertainties. The optimal kernel was found to be [7] p(s) = 4.996 × 10 −9 − 1.432 × 10 −9 s ,
which minimizes the quantity
This integration kernel p(s) quenches all the data in the region mentioned above by at least a factor 2.5-3.0. The next step is to invoke the OPE in QCD entering the contour integral in Eq. (28) Π(q
where µ is a renormalization scale, and where the Wilson coefficients in this expansion, C 2N +2 (q 2 , µ 2 ), depend on the Lorentz indices and quantum numbers of J(x) and of the local gauge invariant operatorŝ O N built from the quark and gluon fields. These operators are ordered by increasing dimensionality and the Wilson coefficients, calculable in PQCD, fall off by corresponding powers of −q 2 . In other words, this OPE achieves a factorization of short distance effects encapsulated in the Wilson coefficients, and long distance dynamics present in the vacuum condensates. The unit operatorÎ in Eq. (31) has dimension d = 0 and C 0Î stands for the purely PQCD contribution
Here [29] . At dimension d = 2 there are only quark-mass terms
where only the strange-quark makes a non-negligible contribution. At dimension d = 4 the gluon and the quark condensates contribute as 
where Q 4 T = f =u,d,s Q 4 f = 2/9. This completes the information needed in the contour integral in Eq. (28) . The next step is to compute the line integral in Eq. (28) , which involves the data, for which we use the compilation in [30] . Regarding the numerical values of the parameters entering Eqs.(32)-(34), these are given in [7] . The final result for the leading order hadronic contribution to the anomaly is a HAD,LO µ = (650.2 ± 4.0) × 10 −10 ,
where the error analysis may be found in [7] . After adding the next-to-leading order contribution a 
which is a lower 2.4 σ effect compared with the standard 3.3 σ from ∆a µ ≡ a EXP µ −a SM µ = 28.7(8.0)×10 −10 , using e + e − data for the leading order hadronic contribution. A detailed analysis of the validity of this approach may be found in [7] .
